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1. INTRODUCTION 
A finite group is called inseparable if the only normal subgroups over which 
it splits are the identity subgroup and the group itself. An approach to the study 
of inseparable finite groups is given by Bechtell [I]. It is related with one of the 
structural components within a group G that permit splitting over a normal 
subgroup, that is the E-residual GE for the formation of groups having all Sylow 
subgroups elementary abelian. 
Among others, Bechtell studies the class 01~ of all inseparable nonnilpotent 
soluble finite groups G with GE a p-group and proves that GE 01~ implies 
GE 2 Q(G) and [GE : Q(G)] > p2. In [2] he proves that a group G E 01~ with GE 
a metacyclic group is the inseparable extension of the quaternion group by the 
symmetric group of degree three. We will call this group the “Bechtell example.” 
The present paper is devoted to the development of some of the properties of 
groups in the class 01~ . Theorem 2.2 gives detailed information about a group 
G E (Ye , while Theorem 2.3 gives a remarkable improvement of Bechtell bound, 
that is, [GE : D(G)] >, pp. 
The remainder will examine the case that GE has a normal chain with cyclic 
factors and of length p, the minimal consistent with the given bound. We will 
call this class p, . We get again that ,L12 includes Bechtell example only and we 
prove that & is empty. 
The notation is standard (see [5]). 
2. THE CLASSES 01~ 
DEFINITION 2.1. G E a2, if and only if it is an inseparable nonnilpotent soluble 
finite group with GE a p-group. 
THEOREM 2.2. Let G E 01~ and P be a Sylow p-subgroup of G, then: 
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(i) F(G) is a p-group. 
(ii) G/G’ is a p-group. 
(iii) F(G)/G, C Z(G/G,). 
(iv) GE = @(P)F(G’). 
(v) F(G’) is a Sylow p-subgroup of G’. 
(vi) GE includes eoery element of G whose order is p. 
(vii) If H is a Hall p’-subgroup of G, then G = N,(H) GE and N,(H) n 
GE = CGE(H). 
Proof. (i) Let q # p a prime with q 1 1 F(G)]. Let lJ be a minimal normal 
q-subgroup of G. Since GE is ap-group, a Sylow q-subgroup of G is an elementary 
abelian group. By a theorem of Gaschiitz [5, I, 17.41, G splits over U. 
(ii) Let q # p a prime with q / [G : G’]. Since GE is a p-group, every 
q-element of G has order q. Since q 1 [G : G’], there is a normal subgroup N of G 
of index q. Let x be a q-element of G out of N and put N = (x). Now X has 
order q, so G = NX and N n X = (1); thus (ii) holds. 
(iii) Consider the chain Q(P) C GE C F(G) _C P. Then P/G, is an abelian 
group and PC C,(F(G)/G,). Hence C,(F(G)/G,) is a normal subgroup of G 
of index prime top. By (ii) G has no proper p’-quotients so that C,(F(G)/G,) = 
G, that is F(G)/G, _C Z(G/G,). 
(iv) Clearly GE is generated by the Frattini subgroups of the Sylow 
p-subgroups of G; hence GE = a(P)” C D(P) G’, and also GsG’ = @(P) G’. 
Then GE C F(G) n G&’ = F(G) n @(P) G’ = @(P)(F(G) n G’), by the mod- 
ular Dedekind law. ButF(G) n G’ = F(G), so that GE C @(P)F(G’). 
On the other hand, G/G, has all Sylow subgroups abelian; then by a transfer 
argument [5, VI, 14.31, Z(G/G,) n G’GE/GE = (1). By (iii) F(G)/G, C 
Z(G/G,), so that F(G) n G’G, C GE. As we have just shown, F(G) n G’G, = 
@(P)F(G’); so GE = @(P)F(G’). 
(v) Let N/F(G) be the maximal normal p’-subgroup of G/F(G) and K/N 
the maximal normal p-subgroup of G/N. By Lemma 1.2.3 of [3], &(X/N) C K. 
Since P/F(G) is an abelian group, P _C Co(K/N) C K, therefore G/K is a 
p’-group. By (ii) G has no nontrivial p/-quotients; then G = K. It follows that 
G/N is a p-group; so G = NP. Then G/N N P/N n P. Since N/F(G) is a 
p’-group, N n P C F(G). On the other hand, F(G) C N and F(G) C P, so that 
F(G) C N n P. Therefore F(G) = N n P. P/F(G) abelian implies G/N abelian, 
sothatG’2N.ThenPnG’_CPnN=F(G);hencePnG’_CF(G)nG’= 
F(G’). F(G) C P implies F(G) n G’ _C P n G’; therefore P n G’ = F(G’) is a 
Sylow p-subgroup of G’. 
(vi) Let H be a Hallp’-subgroup of G. It is a consequence of (iv) and (v) 
that G,H I F(G’)H = G’. Then G,H is a normal subgroup of G and G/G,H is 
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an elementary abelian p-group. Let x be an element of order p out of GE; then 
x 6 G,H. Therefore there exists a maximal normal subgroup N of G, in which 
x is not included. So G splits over N, a contradiction. 
(vii) As we have just shown, G,H is a normal subgroup of G; then, by the 
Frattini argument, G = N,(H) GE . N;;(H) n GE is a normal p-subgroup of 
N,(H) and His a normalp’-subgroup of No(H), so that N,(H) n GE C CoE(H). 
Clearly CGE(H) C N,(H) n GE . Thus N,(H) n GE = CGE(H). 
THEOREM 2.3. Let G E 01~) then 
(i) C,(G,/@(G)) = F(G), so that G/F(G) is isomorphic to the automorphism 
group induced by G on G,/@(G). 
(ii) [GE : Q(G)] >, pp. 
Proof. (i) By [5, III, 4.21, C,,,&‘(G)/@(G)) =F(G)/@(G). Let x be a 
p’-element of C,(G,/@(G)). By Theorem 2.2(iii), XE Cc(F(G)/G,) so that x 
stabilizes the chain F(G) > GE I Q(G). But P(G)/@(G) is a p-group and x is a 
$-element; therefore x = 1 and C,(G,/@(G)) is ap-group. Clearly C,(G,/@(G)) 
is a normal subgroup of G; then C,/@(G)) C P(G). 
On the other hand, F(G) Z C,(G,/@(G)); so P(G) = C,/@(G)). 
(ii) G,/@(G) is an elementary abelian p-group, so that it may be regarded, 
in the natural way, as a [GF(p)] G-module. By (i) G/F(G) acts faithfully on 
G,/@(G), so that it may be regarded as a group of linear transformations on it. 
Since F(G) is the maximal normal p-subgroup of G, G/F(G) has no nontrivial 
normal p-subgroups; furthermore its Sylow subgroups are elementary abelian, 
since F(G) > GE. Then Hypotheses of Theorem B of Hall and Higman [3] 
are satisfied. Thus the minimal equation of a p-element T of G/F(G) has a 
degree equal to the order of T, that is p. But the minimal equation of T divides 
its characteristic equation whose degree equals the dimension of G,/@(G) over 
GF(p). Therefore [G, : Q(G)] > pp. 
COROLLARY 2.4. Let GE 01~ and [G, : a(G)] = pp, then G,/@(G) is G- 
irreducible. 
Proof. It is a trivial consequence of Theorem 2.3. 
COROLLARY 2.5. Let GE 01~) then: 
(i) If [GE : G(G)] = ~9, then P’o = F(G’) and GE = F(G’) G(G). 
(ii) 1f [GE : @(GE)] = p”, then @(GE) = O(G) and GE = F(G’). 
Proof. (i) G,/@(G) is G-irreducible, by Corollary 2.4; so GE = PfG@(G). 
ConsiderF(G)/P’G. Since P/P’” is an abelian group, P c CG(F(G)/P’G). The last 
is a normal subgroup of G of index prime to p. By Theorem 2.2(ii), G has no 
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nontrivial p’-quotients; so G = C,(F(G)/PC). G/PfG has an abelian Sylow 
p-subgroup; then, by [5, VI, 14.31, P/P’” n G’/P’C n Z(G/P’G) = (I). There- 
foreF(G) n G’ C P’G. So P’G = F(G) and GE = PfG@(G) =F(G’)@(G). 
(ii) Assume @(GE) g Q(G); then [GE : Q(G)] < pp; it contradicts 
Theorem 2.3. Then @(GE) = Q(G). By (i) GE = F(G) Q(G) := F(G) @(GE), 
so that GE = F(G’). 
3. THE CLASSES /J, 
DEFINITION 3.1. G E j?, if and only if 
and (i) GE cl9 
(ii) GE has a normal chain GE = E, 3 E, 3 ... 3 ED = (I), with cyclic 
factors. 
Clearly G E /3Z if and only if G E (~a nd GE is a metacyclic group. As Bechtell 
proves [2] it consists of one group only. We will call this group the “Bechtell 
example.” 
We want to deduce Bechtell’s results from the description of the classes tip 
given in Section 2. 
In the last part of this section we prove that /3a is empty. 
LEMMA 3.2. Let G be a metacyclic 2-group and 01 a nontrivial 2’automorphism 
of G; then G is either abelian of type (2n, 2”), or the quaternion group. 
Proof. See Lemma 5.27 in [6]. 
THEOREM 3.3 (Bechtell [2]). Let G E &- , then G is the “Bechtell example.” 
Proof. It is a consequence of Lemma 3.2, that GE is either abelian or the 
quaternion group. By Theorem 2.3(i), G/F(G) is isomorphic to an automorphism 
group of G,/@(G); the last is isomorphic to the Klein four group, whose auto- 
morphism group is Ss , the symmetric group of degree three. Therefore G/F(G) N 
S, . Let H be a Hall 2’-subgroup of G; since, by Theorem 2.2(i), F(G) is a 
2-group and G/F(G) cu S, , then H has order 3. Suppose GE abelian and con- 
sider Q,(G,). It is elementary abelian of order four. If H centralizes Q1(GE), 
then it centralizes GE; by Theorem 2.2(vii) G = N,(H) GE so that H is a 
normal subgroup of G and G splits over H. Therefore H is fixed point free on 
Q,( GE), hence on GE . By Theorem 2.2(vii), G = NC(H) GE and NC(H) n GE = 
CGE(H) = (l), so that G splits over GE . Assume now GE nonabelian. Then GE 
is the quaternion group. By Theorem 2.2(vi) G has one involution only. Suppose 
F(G) # GE, then F(G) is a generalized quaternion group. Since a generalized 
quaternion group has no nontrivial 2’-automorphisms, while H induces a 
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nontrivial automorphism group, we have a contradiction. So F(G) = GE is 
quaternion. G/F(G) N S, implies that G is the “Bechtell example.” 
THEOREM 3.4. p3 is empty. 
Proof. By Corollary 2.4, G,/@(G) is G-’ irreducible and G/F(G) acts faithfully 
on it. [GE : Q(G)] = 27, so that G/F(G) IS isomorphic to a subgroup of GL(3, 3). 
By Theorem 2.2(ii), G has no nontrivial 3’-quotients, so that G/F(G) is isomor- 
phic to a subgroup of PSL(3, 3). The order of PSL(3, 3) is 24 33 . 13. Suppose 
13 1 [G :F(G)] and set G = G/F(G). By Theorem 2.2(vii), G = N,(H) GE 
for a Hall 3’-subgroup G of H. Since F(G) 3 GE , G/F(G) has a normal Hall 
3’-subgroup R. The order of iris a divisor of 24 . 13 and is divided by 13; then H 
has a normal Sylow 13-subgroup. The normalizer in PSL(3, 3) of a I3-subgroup 
has order 39; so G has order 39. Since Gk is a metacyclic 3-group, G$D(Gk) 
is an elementary abelian 3-group whose order is a divisor of 9. Then f7 induces in 
GA;/@(GL) an automorphism group isomorphic to a subgroup of GL(2, 3). 
But 13 Y / GL(2, 3)/, so that H centralizes G$D(Gk); by the well-known 
Burnside’s theorem, fl centralizes GL . Since H acts irreducibly on G,/@(G), 
G,H is generated by all the elements of G whose order is 13. So GL c Z(G,H). 
Therefore G, has class at most two, so that it is a regular 3-group. Hence 
Q,(G,) has exponent three and order at most 27, since it has a normal chain with 
cyclic factors and of length at most 3. Then E-I fixes no nontrivial elements of 
Qr(G,), otherwise it would centralize Q1(GE) and then GE by Lemma 1.5 of [4]; 
by Theorem 2.2(vii) G = N,(G) GE, and then H would be normal in G, a 
contradiction. So H is fixed point free on every H-invariant 3-subgroup of G; 
hence C,(H) = H, since G is a (3, 13)-group. Again by Theorem 2.2(vii) G 
splits over GE . Then 13 7 ) G 1, so that [G : F(G)] 1 24 . 33. 
Let H be a Sylow 2-subgroup of G and fl its image in G = G/F(G). By 
Theorem 2.2(vii), R is a normal subgroup of G, since GE cF(G). Since the 
stabilizer of a subspace of dimension 1 includes a Sylow 2-subgroup in PSL(3,3), 
i7 is included in the stabilizer of some subspace of dimension 1. Let x be a 
3-element of G; then UxR = lJRr = Ux, so that f7 stabilizes two distinct 
subspaces of dimension 1, since G,/@(G) is G-irreducible. 
Therefore R has order at most four. Since, by Theorem 2.2(ii), G has no 
nontrivial 3’-quotients, g has order four. Since G has no nontrivial normal 
3-subgroup, G N A,, the alternating group of degree four. Since Gi is a 
cyclic group, Gk C C&G;); then GL has class at most two. Therefore Q,(GL) 
is a metacyclic 3-group of exponent three; then it is elementary abelian of order 
at most nine. So G/C,(Q,(Gi)) is isomorphic to a subgroup of GL(2, 3). Since, 
by Theorem 2.2(ii), it has no proper 2-quotients and its Sylow 2-subgroups are 
elementary abelian, it is a 3-group. Hence H C C,(Qr(Gk)); then H Z C,JGk) 
by Lemma 1.5 of [4]. Since GE/@(GE) is G- irreducible, GL C Z(G,H); it follows 
that Gi = (1) and GE has class at most two. Therefore GE is a regular 3-group; 
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hence O,(G,) has exponent three and order at most 27, since it has a normal 
chain with cyclic factors whose length is at most three. Suppose Q,(G,) non- 
abelian; then 1 Z(&(G,)); := 3 and G,/C,(Q,(G,)/Z(Q,(G,)) is isomorphic to 
a subgroup of GL(2, 3) having no nontrivial 2-quotients and elementary abelian 
Sylow 2-subgroups, that is to a 3-group. So H centralizes Q,(G,):Z(Q,(G,)). 
Since Z(Q,(G,)) has order three, GjC,(Z(Q,(G,))) has order at most two; b) 
Theorem 2.2(ii) G has no nontrivial 2-quotients, so Z(Q,(G,)) C Z(G). Then II 
stabilizes the chain Q,(G,) S Z(Q,(G,)) I (I/; since H is a 3’-group, it cen- 
tralizes Q,(G,) and then GE, by Lemma I.5 of [4]. By Theorem 2.2(vii) G 2 
.VG(H) GE and GE (7 XJII) .- C(;E(II) -2 G, , so that II is a normal subgroup 
of G and G splits over II. 
Assume Q,(G,) abelian. Then Q1(GE) - Q,(Gk) i: M, for some If-invariant 
subgroup di of R,(G,), by the Maschke theorem. Suppose Jf a cyclic group. 
Let 1 / h c H n C,(M); since I1 c C,(Q,(Gi:)), h E C,(Q,(G,)) so that 
h E C,(G,). So 4 r [G : Cc(GE)]; this contradicts the fact that G has no non- 
trivial 2-quotients, unless II C C,(G,). By Theorem 2.2(vii) II is a normal 
subgroup of G and G splits over il. Therefore H n C,(df) -. / I?. But it is 
impossible that every element of H induces inversion on .ill; then :\I cannot be 
a cyclic group. So Q,(Gk) has order at most 3. Since G,/@(G) is G-irreducible, 
G, == [H, G,]. Let GE be abelian; then CeE(H) = (I>; so G splits over G, 
by ‘Theorem 2.2(vii). Thus GE is a nonabehan group. So Q,(GJ has o&r 3. 
Consider Q,(G,)jQ,(G~.); since Q,(G,) has order at most 27. G:‘CJR,(G,)j 
Q,(GL)) is isomorphic to a subgroup of GL(2, 3) having no nontrivial 2-quotients 
and elementary abelian Sylow 2-subgroups and so to a 3-group. Then 11 
stabilizes the chain Q,(G,) > Q,(Gk) 1 (I\; since H is a 3’-group, H C 
C,(Q,(G,)), so that H C C,(G,), by Lemma 1.5 of [4]. By Theorem 2.2(vii) 
G -= :VJU) GE; so H is a normal subgroup of G and G splits 2.2(vii) G -: 
N,(H) GE; so H is a normal subgroup of G and G splits over H. This contra- 
diction completes the proot. 
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